We investigate correlations among pitches in several songs and pieces of piano music by mapping them to one-dimensional walks. Two kinds of correlations are studied, one is related to the real values of frequencies while they are treated only as different symbols for another. Long-range power law behavior is found in both kinds. The first is more meaningful. The structure of music, such as beat, measure and stanza, are reflected in the change of scaling exponents. Some interesting features are observed. Our results demonstrate the viewpoint that the fundamental principle of music is the balance between repetition and contrast.
The aesthetic sense and perception remains a mystery in scientific level. One may expect that its mechanism should be dependent on the structure, especially a kind of collective effect of information possessed by the artistic or natural beauty and then the sensory processing of this information. The quantitative nature of most elements of music make analysis using methods of statistical physics feasible. 1/f noise was discovered in an earlier measurement of loudness fluctuations in music 1 .
Motivated by what was done recently on DNA sequences and human writings 2,3,4 , we study here correlations among pitches according to musical scores. 25 songs and several pieces of piano music are studied 5 .
In equally tempered scale, the octave is divided into 12 semitones. A semitone is the interval between two tones whose frequency ratio is the twelfth root of 2. We consider two kinds of correlations, referred to as "frequency-dependent" (FD)
one and "frequency-independent" one respectively. In the study of FD correlation, we map the real values of tones to positions within a one-dimensional walk, with a semitone corresponding to the unit of distance. The least of the duration of tones in the piece of music studied is selected as the duration unit. The rests are neglected. Hence the step of the walk, which corresponds to the difference between adjacent pitches, is not a constant. This walk reflects directly the change in the logarithm of frequency. Consequently, notes on the staff just make up an approximate landscape of this so-called "FD musical walk".
The correlation can be quantified by studying the displacement ∆X(t, T ) of the walker after T steps, which is the difference between the positions X(t + T ) and X(t),
∆X(t, T ) is just the sum of changes in each step, i.e.,
where
is the change in one step. The mean square fluctuation which quantifies the correlation is
where < > t means average over different t. It is well known 3 that for scaling signals,
The corresponding power spectrum of x and ∆X are respectively S x (f ) ∼ f 1−α and S ∆X (f ) ∼ f −1−α . For an uncorrelated random walk, α = 1, x exhibits white noise while ∆X exhibits 1/f 2 noise. As α → 0, x → f noise and ∆X → 1/f noise.
As α → 2, x → 1/f noise and ∆X → 1/f 3 noise.
In the study of FI correlation, again the least duration of note is selected as the unit. Pitches as well as rests are treated just as different symbols. They are represented by different numbers, which are then transformed to binary numbers. As in the studies on DNA sequences and writings, "0" or "1" is mapped to up (y(i) = +1) or down (y(i) = −1) in a one-dimensional walk, which can be termed "FI musical walk". The displacement is ∆Y (t, T ) = 
As a typical example, Fig. 1(a) shows the fluctuation in FD musical walk for the national hymn of France, "Marseillaise".
One may observe the periodicity due to strophic form with period ≈ 400. We may only consider one, e.g., the first period (stanza). It is obvious that there are three scaling regions, after the first with α 1 ≈ 1.029 and the second with α 2 ≈ 0.682, there is a platform region with α ≈ 0. There is unavoidable oscillation and deviation in the platform region, as well as break down due to finite-size in large enough duration. This feature is found to be universal within 25 famous songs. Usually there are two to three regions with nonzero α's before the final platform.
Quantitative results are summarized in Table 1 . From the time and duration unit one may know how long a beat or a measure is. For instance, the unit of "marseillaise" is sixteenth, since the time is 4/4, the duration of a beat is 4 while that of a measure is 16. Hence we see that the region I and region II correspond to a beat and a measure respectively. This is valid for most, though not all, of the songs studied. For "Serenade" by Schubert and "God Save The Queen", it can be thought that regions I and II merge to one. For most of the songs, α 1 is very close to 1, indicating that usually the pitches within one beat are nearly random. That α 2 and α 3 are smaller than 1 indicates non-trivial correlations within duration around a measure, the power spectrum are between 1/f and 1/f 2 . For longer duration, α ≈ 0, indicating 1/f noise. Therefore one may say that the longer the duration, the nearer to 1/f noise.
We may make some other observations. The comparatively larger deviation from unity in α 1 for three songs "Auld lang Syne", "My old Kentucky home" and "Alamuhan" show correlations even within one beat in a few songs. It is interesting to note that the platform begins immediately after one beat in the two "Cradle song"s and in "Santa Lucia", which gives similar impression to cradle songs. There are also several other songs for which platform begin in duration shorter than one measure, while for some longer. We also notice on the plots for the two "Serenade"s that the oscillation around the platform region particularly small. For several songs, such as "Away in a Manger", "God Rest You Merry, Gentleman","Auld Lang Syne", "Old Black Joe", "Changing Partner", "Kangding Love Song" and "Alamuhan", α's before the platform are comparatively close. The same schemes are also used to treat several pieces of piano music, both melody and accompaniment are analyzed.
"Courante"s and "Sarabande"s in 4th "English Suite", 5th and 6th "French Suite"s by J. S. Bach and "Variation (G major)"
by Beethoven are studied. The general feature is similar to that for the songs, apart from that there is oscillation modulation before the final platform region in the FD fluctuation of "Courante"s in "French Suite"s and in Var. VI in "Variation", as shown in Fig. 2 . The quantitative results are summarized in Table 2 . We may observe comparative similarities between the two in the binary form, between melody and accompaniment, between "Courante"s or "Sarabande"s in different French
Suites, as well as between different parts of one Suite. For FD correlation, it can be observed that the platform begins earlier than songs. For every piece in "English Suite", it begins just after one beat. For most of the others, it begins in duration not longer than one measure. Apart from three, "γ"s are also larger than unity.
Given the scalings, we may renormalize the music by selecting out pitches with a certain distance of duration while neglecting others. As an example, the FD correlation of renormalized "Marseillaise" is shown in Fig. 1(c) . It is clear that the scaling behavior remains unchanged while the turning or crossover durations at which scaling changes are reduced by the scaling factor. It is interesting to have renormalized music performed and compared with the original one.
The scaling behavior uncovered here demonstrates quantitatively the viewpoint that the fundamental principle of music is the balance between repetition and contrast 6 . Since the pitch corresponds to logarithm of frequency, our results suggest that it is the logarithm of frequency that matters in processing musical information in human brain. This conjecture is supported by the finding 7 that the smallest perceptible frequency change increases as the frequency change. This can be understood as that the perceptible change in logarithm of frequency is constant.
In closing this article, we would like to point out that many of the other elements of music, such as chord, rhythm, timbre and dynamics etc., have not been taken in account here. Further studies are anticipated concerning both music itself and information processing on it. French Suite". This kind of oscillation modulation structure before the platform is found in several piano pieces other than the most with simple power law scalings. 
